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a b s t r a c t
A parity vertex colouring of a 2-connected plane graph G is a proper vertex colouring such
that for each face f and colour i, either zero or an odd number of vertices incident with f
are coloured i. The parity chromatic number χp(G) of G is the smallest number of colours
used in a parity vertex colouring of G.
In this paper, we improve a result of Czap by showing that every 2-connected
outerplane graph G, with two exceptions, has χp(G) ≤ 9. In addition, we characterize the
2-connected outerplane graphs G with χp(G) = 2 and those which are bipartite and have
χp(G) = 8.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
Only simple graphs are considered in this paper. Let G be a graph with vertex set V (G) and edge set E(G). A proper vertex
k-colouring is a mapping c: V (G) → {1, 2, . . . , k} such that any two adjacent vertices receive different colours. The well
known Four-Colour Theorem, that every planar graph is properly 4-colourable, has been central in the development of the
graph theory.
A plane graph is a particular drawing of a planar graph on the Euclidean plane. A parity vertex k-colouring of a 2-connected
plane graph G is a proper vertex k-colouring c of G such that for each face f and colour i, either zero or an odd number of
vertices incident with f are coloured i. The parity chromatic number of G, denoted χp(G), is the smallest integer k such that
G admits a parity vertex k-colouring.
Czap and Jendrol’ [3] introduced the concept of parity vertex colouring on a plane graph as a strengthening of a proper
colouring, but a relaxation of the concept of cyclic colouring. A cyclic colouring of a 2-connected plane graph was first
introduced by Ore and Plummer [7] and is a proper colouring in which no two vertices on the same face receive the same
colour.
Itwas conjectured in [3] that there exists a constantK such thatχp(G) ≤ K for every 2-connected plane graphG. Recently,
Czap et al. [4] have confirmed this conjecture with K at most 118, which was later improved to 97 by Kaiser et al. [6].
Comparatively, it was conjectured in [5] that every 2-connected plane graph G can be cyclically coloured using ⌊3∆∗/2⌋
colours, where∆∗ is the maximum degree of a face in G.
A graph is called outerplanar if it has an embedding in the plane in which each vertex is incident with the infinite face.
An outerplane graph is an outerplanar graph equipped with such an embedding. It is well known that a graph is outerplanar
if and only if it is K2,3-minor free and K4 minor-free.
In [2], Czap showed that every 2-connected outerplane graph G has χp(G) ≤ 12 and that if in addition G is bipartite, then
χp(G) ≤ 8. In this paper we will improve these results by showing that χp(G) ≤ 9 for every 2-connected outerplane graph
G with two exceptions, H0 and H1 (see Fig. 1). We also show that χp(G) = 8 for only one family of 2-connected bipartite
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Fig. 1. The only two 2-connected outerplane graphs with χp(G) > 9.
Fig. 2. Special cases of graphs with long chains on end faces.
outerplane graphs. We deduce that every 2-connected bipartite outerplane graph G has χp(G) ∈ {2, 4, 6}, with a class of
exceptions. Moreover, all 2-connected outerplane graphs with parity chromatic number 2 are characterized.
2. An upper bound
Let G be a 2-connected outerplane graph with maximum degree∆(G) ≥ 3. We use d(x) to denote the degree of a vertex
or a face x in G. A k-vertex or a k-face is a vertex of degree k or a face of degree k. The infinite face of G is called outer face,
and other faces are called inner faces. An inner face f of G is called an end face if the boundary of f contains exactly two
adjacent vertices of degree at least three, whereas other boundary vertices are of degree 2. A well known result states that
the subgraph of the dual of G induced by the inner faces is a tree (see p. 258 in [1]). Clearly, a leaf of this tree corresponds to
an end face of G. Thus, Lemma 2.1 follows automatically from this fact:
Lemma 2.1. Every 2-connected outerplane graph G with∆(G) ≥ 3 has at least two end faces.
We are now ready to state and prove our main result in this paper.
Theorem 2.2. If G is a 2-connected outerplane graph, different from H0 and H1, then χp(G) ≤ 9.
Proof. We proceed by induction on the number of vertices of G. The result is certainly true if |V (G)| ≤ 9. Let G be a
2-connected outerplane graph with |V (G)| ≥ 10, and suppose that for all graphs with fewer than |V (G)| vertices the
result holds. By Lemma 2.1, G has two different end faces, say EF1 and EF2. Without loss of generality, we assume that
3 ≤ d(EF1) ≤ d(EF2). The proof is split into the following two cases, depending on the size of d(EF2).
Case A. d(EF2) ≥ 6.
It is easy to see that the boundary of EF2 contains a path y1x1x2x3x4y2 such that d(xi) = 2 for all 1 ≤ i ≤ 4. If y1y2 ∉ E(G),
we let H = G − {x1, x2, x3, x4} + y1y2; otherwise, let H = G − {x1, x2, x3, x4}. Obviously, H is a 2-connected outerplane
graph with |V (H)| < |V (G)|. By hypothesis, H ∈ {H0,H1} or χp(H) ≤ 9.
In the former case, H is one of the graphs shown in Fig. 2. In each case, a parity vertex colouring using at most 8 colours
is provided to show χp(G) ≤ 9. Dashed edges are used to draw more than one graph at once. In each example, one or no
dashed edges are in E(G).
In the latter case, let c be a parity vertex 9-colouring of H . Since y1 and y2 are adjacent in H , c(y1) ≠ c(y2). Extend c to a
parity vertex 9-colouring c ′ of G, with c ′(v) = c(v) for all v ∈ V (H), c ′(x1) = c ′(x3) = c(y2) and c ′(x2) = c ′(x4) = c(y1).
2784 W. Wang et al. / Discrete Mathematics 312 (2012) 2782–2787
Fig. 3. The only 2-connected outerplane graphs Gwith χp(G) = |V (G)| = 6.
As every face incident with x1, x2, x3, x4 is also incident with y1 and y2, c(y1) and c(y2) are still used an odd number of times
on each face and hence, χp(G) ≤ 9.
Case B. d(EF2) ≤ 5.
If d(EF1) ≤ 4, let x be a 2-vertex incident with EF1 and y be a 2-vertex incident with EF2. Form H from G by adding edges,
if necessary so that NH(x) induces a clique and NH(y) induces a clique and deleting the set {x, y}. Here NH(v) denotes the set
of neighbours of a vertex v in H . By the induction hypothesis, there is a parity vertex 9-colouring c of H . Let
Cused = {α|c(x) = α for some x ∈ V (H)}.
If there is a colour i ∈ Cused such that no vertex of H which is incident with EF1 or EF2 is coloured i then c may be extended to
a parity vertex 9-colouring c ′ of G by setting c ′(x) = c ′(y) = i. Otherwise every colour of c appears on a vertex of H which
is incident with EF1 or EF2. It follows that c uses at most seven colours. In this case, extend c to a parity vertex 9-colouring
c ′ of G by introducing two new colours for x and y. Hence we may assume that d(EF1) = d(EF2) = 5.
Label the boundary vertices of EF1 (in clockwise order) as y1, x1, x2, x3, y2 and label the boundary vertices of EF2 (in
clockwise order) as u1, v1, v2, v3, u2 with x1, x2, x3, v1, v2 and v3 being 2-vertices. LetH = (G−{x1, x2, v1, v2})∪{x3y1, v3u1}.
As H is a 2-connected outerplane graph, with an end face which is a triangle (and hence H is not H0 or H1), there is a parity
vertex 9-colouring c of H by the induction hypothesis. Again, we define Cused as before and let
S = Cused − {c(x3), c(y1), c(y2), c(v3), c(u1), c(u2)}.
Note that S is the set of colours in Cused which are not incident with either EF1 or EF2.
If S = ∅, then |Cused| ≤ 6. If each colour is used exactly once, the fact that |V (G)| ≥ 10 implies |V (H)| = 6 and requires
six colours. Hence H is a 2-connected outerplane graph on six vertices with no independent set of cardinality 3. The only
such graphs are one of the two graphs shown in Fig. 3, which implies G ∈ {H0,H1}. Hence, if S = ∅, there is at least one
colour, say α which appears at least three times. In this case we will modify the colouring c so that the corresponding set S
is no longer empty.
Let Fα be the set of inner faces of H whose boundary contains at least three vertices coloured α by c. Let β1 and β2 be
colours which are not used by c.
Case 1. Fα = ∅.
Letw1, w2 ∈ V (H) be such that c(w1) = c(w2) = α. Redefine the colouring c , by setting c(w1) = β1 and c(w2) = β2 and
note that sincew1 andw2 were not both adjacent to the same inner face the new definition of c is a parity vertex colouring.
Further note that at least one of α, β1 or β2 does not appear in {c(x3), c(y1), c(y2), c(v3), c(u1), c(u2)}. In particular, there
is a parity vertex 9-colouring of H for which |S| ≥ 1.
Case 2. Fα ≠ ∅.
Consider T , the subgraph of the dual of H induced by the faces in Fα . As the inner faces of H form a tree, it follows that T
is a forest. Take any singleton or leaf in T . On the boundary of the corresponding face there are at least two vertices, sayw1
and w2, which are not incident with any other face in Fα . As in Case 1, redefine the colouring c , by setting c(w1) = β1 and
c(w2) = β2 and note that there is a parity vertex 9-colouring of H for which |S| ≥ 1.
If S = {α} for some colour α, then c uses at most 7 colours. Then we can extend c to a parity vertex 9-colouring c ′ of G
by setting c(x1) = c(y1) = α and introducing two new colours for x2 and y2.
If |S| ≥ 2, there are two distinct colours α, β ∈ S. Extend c to a parity vertex 9-colouring c ′ of G by setting c(x1) =
c(y1) = α and c(x2) = c(y2) = β . This completes the proof of the theorem. 
Lemma 2.3. For every 2-connected outerplane graph G, the number of colours used in any parity vertex colouring of G is the
same parity as the order of G. In particular, χp(G) is the same parity as |V (G)|.
Proof. Let c be a parity vertex colouring of G and ci be the number of vertices of G coloured i by c. The parity condition on
the outer face of G implies each ci is odd. The result follows from the fact that
|V (G)| =

i∈Cused
ci. 
Corollary 2.4. If G is a 2-connected outerplane graph, different from H0 and H1, and |V (G)| is even, then χp(G) ≤ 8.
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Five different colours must appear on the boundary of any inner 5-face and four different colours must appear on any
inner face with degree being a multiple of four. Attach a 5-face to a side of 4-face and another 4m-face on the opposite
edge. This graph has χp ≥ 9 as no colour used on the 5-face can be repeated on the 4m-face. There may be some room
for improvement of Theorem 2.2, if we restrict our attention to graphs with at least four inner faces. By Lemma 2.3, any
2-connected outerplane graph Gwith an even order and a 5-face has χp ≥ 6. Such graphs which are arbitrarily large can be
easily constructed.
3. Bipartite outerplane graphs
Let G be a 2-connected bipartite outerplane graph. Note that each vertex of G lies on the boundary of outer face and every
cycle in G is of even length. It follows that |V (G)| is even. This fact, Lemma 2.3 and Theorem 2.2 imply a result of Czap [2]
below.
Corollary 3.1. If G is a 2-connected bipartite outerplane graph, then χp(G) ≤ 8.
Czap [2] showed that the upper bound 8 is sharp by constructing an outerplane graph consisting of three consecutive
adjacent 4-cycles. We are going to generalize this example to the class of graphs F . Let F denote the set of 2-connected
outerplane graphs each of which has exactly three inner faces, and the degree of each end face of G is divisible by four and
the degree of the face which is not an end face is four. These are the only graphs which meet this bound.
Theorem 3.2. If G is a 2-connected bipartite outerplane graph, then χp(G) = 8 if and only if G ∈ F .
Proof. Let G ∈ F . By Lemma 2.3 and Theorem 2.2, χp(G) ≤ 8. Let G be labelled as in Fig. 4. As 4|d(f1) and 4|d(f3), at least
four colours are used on the boundary of f1 and four colours on the boundary of f3. If colour α appears on both boundaries,
then it appears an odd number of times on f1 and an odd number of times on f3 and thus an even number of times on the
outer face. Therefore no colour is used on both faces.
Let G be a 2-connected bipartite outerplane graph with the fewest vertices such that G ∉ F and χp(G) = 8. Certainly,
|V (G)| ≥ 8. Note that since G is bipartite and outerplane, |V (G)| is even and hence every parity vertex colouring of G uses an
even number of colours. Further, ifG has only one or two inner faces, it is easy to verify thatG has a parity vertex 6-colouring.
Therefore G has at least three inner faces.
Claim. The degree of every end face of G is divisible by four.
Proof. If the claim is false, then since G is bipartite, there is an end face of G with degree 4k + 2. Label the vertices of this
end face: y1, x1, x2, . . . , x4k, y2, such that for 1 ≤ i ≤ 4k, xi is a 2-vertex. Consider the graph H = G − {x1, x2, . . . , x4k}. As
H has fewer vertices than G, H ∈ F or χp(H) ≤ 6.
In the latter case, consider a parity vertex colouring c of H . Since y1 and y2 are adjacent in H , c(y1) ≠ c(y2). Extend
c to a colouring c ′ of G, with c ′(v) = c(v) for all v ∈ V (H), c ′(x1) = c ′(x3) = · · · = c ′(x4k−1) = c(y2) and
c ′(x2) = c ′(x4) = · · · = c ′(x4k) = c(y1). Therefore χp(G) ≤ 6, a contradiction showing H ∈ F .
Label H as in Fig. 4. Up to symmetry, there are two cases depending on the position of the edge y1y2.
Case 1. y1y2 is on f1.
Take a parity vertex 8-colouring c of H . As before, there must be four different colours used on f1 and the other four
colours used on f3. Let {c(y1), c(y2), α1, α2} be the set of four colours used by c on f1 and {c(z1), c(z2), β1, β2} be the set
of four colours used by c on f3. Modify c to a colouring c ′ of G as follows. Set c ′(v) = c(v) for all v ∈ V (H) such that
c(v) ∈ {c(y1), c(y2), c(z1), c(z2), α1, α2}. For i = 1, 2 and each v ∈ V (H), if c(v) = βi, then let c ′(v) = αi. Finally set
c ′(x1) = α1, c ′(x3) = · · · = c ′(x4k−1) = α2, c ′(x2) = c ′(x4) = · · · = c ′(x4k) = c(y1). The colouring c ′ is a parity vertex
colouring of G and therefore χp(G) ≤ 6.
Case 2. y1y2 is on f2 with y1 = z4 and y2 = z1.
Take a parity vertex 8-colouring c of H . Let {c(z3), c(z4), α1, α2} be the set of four colours used on f1 and
{c(z1), c(z2), β1, β2} be the set of four colours used by c on f3. Modify c to a colouring c ′ of G as follows. Set c ′(v) = c(v)
for all v ∈ V (H) such that c(v) ∈ {c(z1), c(z2), c(z3), c(z4), α1, α2}. For i = 1, 2 and each v ∈ V (H), if c(v) = βi, then let
c ′(v) = αi. Finally set c ′(x1) = α1, c ′(x3) = · · · = c ′(x4k−1) = α2, c ′(x2) = c ′(x4) = · · · = c ′(x4k) = c(y1). As in Case 1,
χp(G) ≤ 6.
As G is defined so that χp(G) = 8, both cases lead to a contradiction. This proves the claim. 
Choose two different end faces of G, say EF1 and EF2. By the Claim, 4|d(EF1) and 4|d(EF2) (this fact will be used without
mention). Label the vertices incident with EF1 with degree greater than 2 as y1, y2, and the vertices incident with EF2 with
degree greater than 2 as v1, v2. Consider the graphH , which is obtained from G by removing all 2-vertices on the boundaries
of EF1 and EF2.
If H ∉ F , it follows from the minimality of G that there is a parity vertex 6-colouring c of H . As before, we can define
Cused and the set:
S = Cused − {c(y1), c(y2), c(v1), c(v2)}.
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Fig. 4. A general member of the class F . Here 4|d(f1) and 4|d(f3).
Fig. 5. A parity vertex 6-colouring of possible exceptions.
If S is empty, then |Cused| ≤ 4. If each colour is used exactly once, the fact that G is bipartite and |V (G)| ≥ 8 implies H is
a 4-cycle. It follows that G ∈ F or is a graph of the form shown in Fig. 5 where the degree of each inner face is divisible by
four.
Therefore, if S is empty, there is at least one colour, say α which appears at least three times. In this case, wewill redefine
c using the same method as in the proof of Theorem 2.2, so that |S| ≥ 1 and |Cused| ≤ 6.
If S = {α} for some colour α, then c uses at most 5 colours and thus by Lemma 2.3, |Cused| ≤ 4. We extend c to a parity
vertex 6-colouring c ′ of G by alternating between α and β1 on the uncoloured vertices of EF1 and alternating between α and
β2 on the uncoloured vertices of EF2, where β1 and β2 are two new colours.
If |S| ≥ 2, take two distinct colours α, β ∈ S and extend c by alternating between α and β on the uncoloured vertices of
EF1 and EF2.
We conclude that if H ∉ F , then χ(G) ≤ 6. Therefore, H ∈ F . Label H as in Fig. 4. Using symmetry, there are three
cases to consider. In each case we show that G is parity vertex 6-colourable by defining a colouring c(v) for each v ∈ V (G),
a contradiction. In particular, in each case we colour the vertices of f2 as c(zi) = i for i = 1, 2, 3, 4.
Case 1. y1y2 and v1v2 are both on f1.
Without loss of generality, we may assume one of two subcases.
Case 1.1. d(y1) = d(v1) = 3. This implies that neither y1 and v1 are incident with f2, y1 is not incident with EF2 and v1 is
not incident with EF1. Let c(y1) = 5 and c(v1) = 6. Then colour the remaining vertices of f3 by alternating between colours
5 and 6, and colour the uncoloured vertices of f1 by alternating colours 3 and 4 so that each colour appears an odd number
of times. Finally colour any uncoloured vertices of EF1 by alternating colours 1 and 6 and an uncoloured vertices of EF2 by
alternating colours 1 and 5. It can be easily checked this is a vertex parity colouring of G.
Case 1.2. d(y1) > 3 and d(y2) > 3. Therefore,without loss of generality, y1 = v1 and y2 = z4. Let c(y1) = 5 and c(v2) = 6.
Then colour the remaining vertices of f3 by alternating between colours 3 and 6, and colour the uncoloured vertices of f1 by
alternating colours 3 and 4, colour any uncoloured vertices of EF1 by alternating colours 1 and 6 and any uncoloured vertices
of EF2 by alternating colours 1 and 3. It can be easily checked this is a vertex parity colouring of G.
Case 2. y1y2 is on f1 and v1v2 is on f2.
Case 2.1. y1, y2 ∉ {z3, z4} and v1, v2 ∉ {z1, z2}. Colour the remaining uncoloured vertices of f1 by alternating between
colours 1 and 2, colouring the uncoloured vertices of f3 by alternating colours 3 and 4, now colour any uncoloured vertices
of EF1 by alternating colours 3 and 4 and any uncoloured vertices of EF2 by alternating colours 1 and 2.
Case 2.2. y1, y2 ∉ {z3, z4} and v1 = z1. Let c(v2) = 3. Then colour the remaining uncoloured vertices of f1 by alternating
between colours 5 and6, colouring theuncoloured vertices of f3 by alternating colours 2 and5, nowcolouring anyuncoloured
vertices of EF1 by alternating colours 3 and 4 and any uncoloured vertices of EF2 by alternating colours 4 and 5.
Case 2.3. y1 = z3 and v1 = z1. Let c(y2) = 2. Colour the remaining vertices of f1 by alternating between colours 4
and 5, colouring the uncoloured vertices of f3 by alternating colours 4 and 6, now colour any uncoloured vertices of EF1 by
alternating colours 4 and 5 and any uncoloured vertices of EF2 by alternating colours 2 and 5.
Case 2.4. y1 = z4 and v1 = z1. Let c(y2) = 2 and c(v2) = 3.We colour the remaining vertices of f1 by alternating between
colours 1 and 3, colouring the uncoloured vertices of f3 by alternating colours 2 and 4, now colour any uncoloured vertices
of EF1 by alternating colours 1 and 3 and any uncoloured vertices of EF2 by alternating colours 2 and 4.
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Case 3. y1 = z2 and y2 = z3.
Assume that y1 ≠ v2. By symmetry there are four subcases.
Case 3.1. {v1, v2} = {z1, z4}.
Case 3.2. v1v2 is on f1 and v1 ∉ {z3, z4}.
Case 3.3. v1v2 is on f1 and v1 = z3.
Case 3.4. v1v2 is on f1 and v1 = z4.
For Case 3.1, we may choose f1 as EF1. For Cases 3.2–3.4, we may choose f2 as EF1. Then the proof is reduced to the case,
H ∉ F . The proof of the theorem is complete. 
It follows that χp(G) is either two, four or six for 2-connected bipartite outerplane graphs if G ∉ F . One can create an
infinite class of 2-connected bipartite outplane graphs which requires six colours. Take an outerplane graph where the dual
of the inner faces forms a path, and the boundary walk of each inner face is a 4-cycle. A proper 4-colouring cannot satisfy
the parity condition on the outer face unless the number of inner faces is congruent to one modulo four. We end with a
characterization of 2-connected outerplane graphs which have a parity vertex 2-colouring.
Theorem 3.3. A 2-connected outerplane graph G has χp(G) = 2 if and only if the degree of each face in G is divisible by two, but
not four.
Proof. If G has an odd face, by Lemma 2.3, the face will require an odd number of colours (and therefore Gwill require more
than two colours). Similarly, if G has a face f whose degree is divisible by four, the parity condition will force more than two
colours to be used on f . On the other hand, if the degree of every face of G is divisible by two, G is 2-colourable. Let f be a
face of G. From the hypothesis, d(f ) = 4k+ 2 for some integer k and thus each colour in a proper 2-colouring of G appears
2k+ 1 times on the boundary of f . 
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